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VERTICAL VAFA-WITTEN INVARIANTS
TIES LAARAKKER
Abstract. We show that vertical contributions to (possibly semistable) Tanaka-
Thomas-Vafa-Witten invariants are well defined for surfaces with pg(S) > 0,
partially proving conjectures of [TT17b] and [Tho18a]. Moreover, we show
that such contributions are computed by the same tautological integrals as in
the stable case, which we studied in [Laa18]. Using the work of Kiem and
Li, we show that stability of universal families of vertical Joyce-Song pairs is
controlled by cosections of the obstruction sheaves of such families.
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1. Introduction
1.1. Joyce-Song pairs. We will consider Joyce-Song pairs and their moduli spaces,
which have been studied in [JS12] and (in our context) in [TT17b]. Let S be an
smooth algebraic surface over C with a polarisation H , and let
q : X → S
be the total space of the canonical bundle of S. We will consider moduli spaces of
certain compactly supported coherent sheaves on X . We are particularly interested
in strictly semistable sheaves. Since semistable sheaves may have non-trivial au-
tomorphisms, we will work with sheaves that have been rigidified by a Joyce-Song
section.
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Definition 1.1. Let m ≫ 0 be an integer. A Joyce-Song pair is a pair (E , s)
consisting of a coherent compactly supported sheaf E on X, and a non-zero section
s : OX(−m)→ E .
A Joyce-Song pair (E , s) is called stable if E is Gieseker semistable, and s does not
factor through any strict subsheaf F ( E for which we have an equality
p(F) = p(E)
of reduced Hilbert polynomials.
We fix a charge γ = (r, c1, c2) ∈ Heven(S) with r ≥ 1, and a line bundle L on
S with c1(L) = c1. We will write γ
⊥ = (r, L, c2). Let E be a compactly supported
coherent sheaf on X . We will say that E is of type γ⊥ if
• rk(q∗E) = r
• det(q∗E) ∼= L
• c2(q∗E) = c2
• E has zero centre of mass (see [TT17a]) .
We will write
P⊥ = P⊥γ (m) =
{
stable Joyce-Song pairs (E , s) with E of type γ⊥
}
for the moduli space of Joyce-Song pairs.
1.2. Vafa-Witten invariants. A point (E , s) ∈ P⊥ can be viewed as an object
I• = [OX(−m) s−→ E ] ∈ Db(X)
in the derived category of X , where OX(−m) is placed in degree 0. By [TT17b,
JS12], the moduli space P⊥ carries a perfect obstruction theory governed by
RHomX(I
•, I•)⊥ ,
which is given by
RHomX(I
•, I•) ∼= RHomX(I•, I•)⊥ ⊕H∗(OX)⊕H≥1(OS)⊕H≤1(KS)[−1] .
Vafa-Witten invariants have been defined conjecturally in [TT17b, Tho18a]. We
will give their definition for an algebraic surface S with pg(S) > 0.
Consider the natural C∗ action on X → S, given by scaling the fibres. It
induces a C∗ action on P⊥. The unrefined invariant will be defined by the virtual
localization formula [GP99].
Conjecture-Definition 1.2. [TT17b] There exists a rational number VWγ, called
the Vafa-Witten invariant of (S,H, γ⊥), such that for all m≫ 0, we have∫
[P⊥γ (m)]
vir
1 :=
∫
[(P⊥γ (m))C
∗ ]
vir
1
e(Nvir)
= (−1)χ(γ(m))−1χ(γ(m))VWγ .
Refined invariants have been defined in [Tho18a] by the K-theoretic virtual lo-
calisation formula [Qu18, CFK09]. For notation and definitions, see [Tho18a].
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Conjecture-Definition 1.3. [Tho18a] There exists a rational function VWγ(t) in√
t, called the refined Vafa-Witten invariant of (S,H, γ⊥), such that for all m≫ 0,
we have
χt
(
P⊥γ (m), OˆvirP⊥γ (m)
)
:= χt

(P⊥γ (m))C∗ ,
Ovir
(P⊥γ (m))
C∗
Λ•(Nvir)∨
⊗ K 12
P⊥γ (m),vir
∣∣∣
(P⊥γ (m))
C∗


= (−1)χ(γ(m))−1[χ(γ(m))]tVWγ(t) ,
where
[χ(γ(m))]t :=
tχ(γ(m))−1 + . . .+ t+ 1
t
χ(γ(m))−1
2
denotes the quantum integer.
1.3. The fixed locus. Following [GSY17], the fixed locus (P⊥)C∗ can be written
as a disjoint union of open and closed subschemes as follows. Let (E , s) ∈ (P⊥)C∗
be a C∗ fixed Joyce-Song pair. By Lemma 6.1 below, we have a canonical weight
space decomposition
E = q∗E = E0 ⊕ . . .⊕ E−k .
We will write
λ(E,s) := (rkE
0, . . . , rkE−k)
for the vector of ranks. We now have, cf. loc. cit., a decomposition
(P⊥)C∗ =
∐
|λ|=r
P⊥λ ,
where P⊥λ is the open and closed subscheme defined by
λ(E,s) = λ
for an ordered partition λ = (λ0, . . . , λk) of r. We will study the contribution of
the locus P⊥1r = P⊥(1,...,1) of vertical Joyce-Song pairs to the Vafa-Witten invariants.
Using [GSY18] and [GT19], we will construct the schemes P⊥1r and their virtual
classes directly in Sections 2-4.
1.4. Results. Similar to Conjecture-Definition 1.2, we can define vertical contri-
butions to the Vafa-Witten invariant by∫
[P⊥1r ]
vir
1
e(Nvir)
= (−1)χ(γ(m))−1χ(γ(m))VWvertγ
for m ≫ 0 (note that the left hand side depends implicitly on m). The vertical
contribution VWvertγ (t) to the refined invariant can be defined by
χt
(
P⊥1r ,
Ovir
P⊥
1r
Λ•(Nvir)∨
⊗ K 12
P⊥γ (m),vir
∣∣∣
P⊥
1r
)
= (−1)χ(γ(m))−1[χ(γ(m))]tVWvertγ (t)
for m≫ 0.
Theorem A. Let S be a surface with pg(S) > 0, with a polarisation H and γ
⊥ =
(r, L, c2) given as above. The vertical contributions
VWvertγ and VW
vert
γ (t)
to the (refined) Vafa-Witten invariant of (S,H, γ⊥) are well-defined.
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Let (S,H) be a polarised surface with H1(OS) = 0 and pg(S) > 0. Let γ be a
charge for which any semistable sheaf on X of type γ is stable. In [Laa18], we have
seen that the vertical contributions to the Vafa-Witten invariant of (S,H, γ) can be
expressed in terms of the coefficients of universal Laurent series A,B,Cij ∈ Q((q 12r ))
for 1 ≤ i ≤ j < r and Seiberg-Witten invariants SW(βi) of classes βi ∈ H2(S,Z).
The Laurent series are in turn defined by certain tautological integrals over products
of Hilbert schemes of points on S.
We will show that the tautological integrals compute the Vafa-Witten invariants
for any surface S with pg(S) > 0 and any γ
⊥. More precisely, consider the following
generating series
ZS,r,L(q) =
q
1−r
2r c1(L)
2
#Pic(S)[r]
∑
c2∈Z
VWvert(r,L,c2) q
c2 ,
where #Pic(S)[r] is the r-torsion of the Picard group of S. Then the seriesA,B,Cij
in the following theorem, or rather their refined counterparts, are precisely the ones
of [Laa18, Theorem A].
Theorem B. Fix a rank r ≥ 1. There exist universal Laurent series
A,B,Cij ∈ Q((q 12r )) , 1 ≤ i ≤ j < r ,
depending only on r, such that for any surface S with pg(S) > 0, and any line
bundle L on S, we have
ZS,r,L(q) = A
χ(OS)BK
2
S
∑
β
SW(β1) · · · SW(βr−1)
∏
i≤j
Cβ
iβj
ij
where the sum is taken over classes β1, . . . , βr−1 ∈ H2(S,Z) with
c1(L) ≡
∑
i
iβi mod rH2(S,Z) .
The same statement holds for generating series of vertical contributions to refined
Vafa-Witten invariants, when one allows the Laurent series to have coefficients in
Q(
√
t).
Remark 1.4. In particular VWvertγ and VW
vert
γ (t) do not depend on the polarisation
H , or on the lift γ⊥ of γ.
1.5. Acknowledgement. I thank Amin Gholampour, my Ph.D. advisor Martijn
Kool, and Richard Thomas for useful discussions. I thank Richard Thomas for
hosting me at Imperial College, where part of the work presented here was done.
2. A tautological family of Joyce-Song pairs
Recall that via the spectral construction (see e.g. [TT17a]), a sheaf E onX can be
viewed as Higgs pair (E, φ) on S, where E = q∗E is a sheaf on S, and φ : E → E⊗ωS
is a map that encodes the OX -module structure of E . In [Laa18], we have studied
families of Higgs pairs that are flags of sheaves of rank one. Such families form
(e´tale covers of) nested Hilbert schemes. We will equip the Higgs pairs, or their
corresponding sheaves on X , with a Joyce-Song section. The resulting Joyce-Song
pairs will form a projective bundle over the space of Higgs pairs.
Choose classes α0, . . . , αs ∈ H2(S,Z) and a line bundle L on S with
c1(L) = α0 + . . .+ αs .
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Define classes
β1 = α1 − α0 + c1(ωS)
...
βs = αs − αs−1 + c1(ωS) ,
and write Sβi for the Hilbert scheme of curves on S with class βi. Let Mα be the
limit of the following (solid) diagram:
Mα Sβ1 × · · · × Sβs
Picα0(S)× · · · × Picαs(S) Picβ1(S)× · · · × Picβs(S)
[L] Picα0+...+αs(S)
∂
det
where the map det is given by the rule
(L0, . . . , Ls) 7→ L0 ⊗ · · · ⊗ Ls ,
and the map ∂ by
(L0, . . . , Ls) 7→ (L∗0 ⊗ L1 ⊗ ωS , . . . , L∗s−1 ⊗ Ls ⊗ ωS) .
Then Mα parametrizes sums of line bundles
L0 ⊕ . . .⊕ Ls ,
with constant determinant L, together with non-zero maps
(2.1) φi : Li−1 → Li ⊗ ωS for i = 1, . . . , s .
For non-negative integers n0, . . . , ns, let S
[ni] be the Hilbert scheme of ni points
on S. We will write
S
[n]
β = S
[n0,...,ns]
β1,...,βs
→֒ S[n0] × · · · × S[ns] × Sβ1 × · · · × Sβs
for the nested Hilbert scheme, i.e. the subscheme defined by the rule
Ii−1(−Ci) ⊂ Ii , i = 0, . . . , s
for ideal sheaves Ii ∈ S[ni] and curves Ci ∈ Sβi . Let Mnα be the fibre product
Mnα S
[n]
β
Mα Sβ1 × · · · × Sβs .
ThenMnα parametrizes Higgs pairs (E, φ) on S, given by a sheaf E with det(E)
∼= L
of the form
E = (L0 ⊗ I0)⊕ . . .⊕ (Ls ⊗ Is) ,
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with line bundles Li ∈ Picαi(S) and ideal sheaves Ii ∈ S[ni] for i = 0, . . . , s, together
with maps as in (2.1), that factor through the ideal sheaves:
L0 L1 ⊗ ωS · · · Ls ⊗ ω⊗sS
L0 ⊗ I0 L1 ⊗ I1 ⊗ ωS · · · Ls ⊗ Is ⊗ ω⊗sS .
φ1 φ2 φs
φ1 φ2 φs
Remark 2.2. A torsion-free sheaf of rank one on S can be uniquely written as I⊗L,
with I an ideal sheaf of a finite subscheme of S, and L a line bundle. Writing
E−i = Li ⊗ Ii , i = 0, . . . , s ,
it follows that we can view Mnα is a moduli space of graded sums of rank one
torsion-free sheaves
E = E0 ⊕ . . .⊕ E−s
on S, with a homogeneous Higgs field φ : E → E ⊗ ωS of weight −1 and rank s.
We choose a universal Higgs pair (E, φ) on Mnα × S, which is only unique up to
twists by elements of Pic(Mnα ). Let E be the sheaf on Mnα ×X corresponding to
(E, φ).
Fix an integer m≫ 0 and write
Em = E ⊗OS(m ·H) and Em = E ⊗ OX(m · q∗H) .
Let
πS : M
n
α × S →Mnα , πX : Mnα ×X →Mnα
denote the projections. Define a projective bundle
P := P(πX∗Em)
= P(πS∗Em) .
with projection map
p : P→Mnα
and canonical line bundle OP(1). The tautological section
s : OP×X → (p× idX)∗Em ⊗OP(1) ,
defines a universal family of Joyce-Song pairs on P×X , which we will denote by
(2.3) (E(1), s) .
3. The virtual class
Note that Mα → Sβ1 × · · · × Sβs is an surjective e´tale morphism of degree
(s+ 1)2·q(S), with
q(S) = h0,1(S) = dimH1(S,OS)
the irregularity of S. In fact, it is a torsor under the torsion subgroup
(Z/(s+ 1)Z)2·q(S) ∼= Pic0(S)[s+ 1] ⊂ Pic0(S) ,
which acts on Mα by the rule
N · (E, φ) = (E ⊗N,φ)
for N ∈ Pic0(S) with with N⊗(s+1) ∼= OS and (E, φ) ∈Mα. The same holds for
η : Mnα → S[n]β .
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In particularMnα carries a perfect obstruction theory, which is simply the pull-back
of the perfect obstruction theory on S
[n]
β considered in [GSY18] and [GT19]. Note
that we have
η∗[S
[n]
β ]
vir = [Mnα ]
vir and
η∗[M
n
α ]
vir = (s+ 1)2·q(S) · [S[n]β ]vir .
Let TMnα denote the virtual tangent bundle of M
n
α , i.e. the class in K
0(Mnα ) of
the dual of its perfect obstruction theory.
Proposition 3.1. The scheme P carries a perfect obstruction theory with virtual
tangent bundle
TP = p
∗TMnα + TP/Mnα − T∨P/Mnα .
Proof. We will give the proof for rank two. The general case follows directly from
the techniques of [GT19, Section 5]. In Section 4.3 of loc.cit., a vector bundle
B → Picβ(S)× S[n0] × S[n1]
is constructed, together with an open subscheme U ⊂ P(B) and a vector bundle F
on U , such that S
[n0,n1]
β ⊂ U is the zero locus of a section
s : OU → F (1) ,
where we have twisted F by (the restriction of) the canonical line bundle on P(B).
The perfect obstruction theory of S
[n0,n1]
β is now given by[
(F (1))∨|
S
[n0,n1]
β
→ ΩU |S[n0,n1]
β
]
∈ Db(S[n0,n1]β ) .
I claim that there exist a cartesian square
P P
S
[n0,n1]
β P(B) ,
where the vertical maps are smooth morphims. It follows that P is the zero locus
in U
P
= P×P(B) U ⊂ P of the section
(pr∗s, 0): OU
P
→ pr∗F (1)⊕ T∨
P/P(B)
,
where pr : U
P
→ U denotes the projection. The complex[
((pr∗F (1))∨ ⊕ T
P/P(B))|P → ΩUP |P
]
∈ Db(P)
defines a perfect obstruction theory on P, which satisfies the description of the
proposition. In fact, we have
TP =
(
TU
P
− F (1)− T∨
P/P(B)
)∣∣∣
P
=
(
pr∗TU + TP/P(B) − F (1)− T∨P/P(B)
)∣∣∣
P
= p∗η∗(TU − F (1))|S[n0,n1]
β
+ T
P/S
[n0,n1]
β
− T∨
P/S
[n0,n1]
β
= p∗TMnα + TP/Mnα − T∨P/Mnα .
We will now prove the claim.
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Let ι, σ and τ be the morphisms in the diagram
S
[n0,n1]
β P(B)
Picβ(S)× S[n0] × S[n1]
Sβ Picβ(S) ,
σ
ι
τ
and let Dβ ⊂ Sβ ×S be the universal divisor. The bundle B depends on the choice
of a Poincare´ bundle Lβi on Picβ(S) × S, and by [GT19, Section 4.2 - Equation
(4.21)] we have an isomorphism
(3.2) (τ × idS)∗Lβi ⊗ (ι× idS)∗OP(B)(1) ∼= (σ × idS)∗O(Dβ)
of line bundles on S
[n0,n1]
β ×S. Let Y be scheme completing the following cartesian
diagram with e´tale vertical morphisms
Mnα Y (Picα0(S)× Picα1(S))[L]
S
[n0,n1]
β P(B) Picβ(S) .
η η η
Let Lα0 be the Poincare´ bundle on Picα0(S) × S, and for i = 0, 1, let I [ni] denote
the universal ideal sheaf on S[ni] × S. Define a sheaf
E =
(
Lα0 ⊗ I [n0]
)
⊕
(
Lα0 ⊗ ω∗S ⊗ Lβ ⊗OP(B)(1)⊗ I [n1]
)
on Y ×S, where we have suppressed the various pull-backs. By (3.2), its restriction
to Mnα × S equals the sheaf E defined in Section 2 (up to a twist by an element of
Pic(Mnα )) . Hence, possibly after increasing m, we can define
P := P
(
πS∗
(
E ⊗OS(m ·H)
))
→ Y ,
proving the claim. 
Proposition 3.1, or more precisely the claim in its proof, has the following con-
sequences.
Corollary 3.3. The scheme P carries a natural perfect obstruction theory with
virtual cycle
[P]vir = p∗[Mnα ]
vir ∩ e(T∨
P/Mnα
) .
Corollary 3.4. The scheme P carries a virtual structure sheaf, which is given by
OvirP = p∗OvirMnα ⊗ Λ•
(
TP/Mnα
)
.
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4. Localising the virtual class
The family of sheaves on P×X
E(1) = (p× idX)∗E ⊗ OP(1)
constructed in Section 2 is invariant under the natural C∗ action on the fibres of
X → S, and can be equipped with an equivariant structure. In terms of the Higgs
pair (E, φ) on Mnα × S, it is given by a C∗ action on E, which is chosen in such
a way that the Higgs field φ acts with weight −1 on E. We may assume that the
highest weight occurring in the weight space decomposition of E is zero. Following
Remark 2.2, we write
E = E0 ⊕ . . .⊕ E−s ,
and let C∗ act on E−i with weight −i.
The action induces an action on the family of Joyce-Song pairs P. In fact, we
have
P = P
(
πS∗E
0
m ⊕ . . .⊕ πS∗E−sm
)
with
E−im = E
−i ⊗OS(mH) , i = 0, . . . , s ,
so the C∗ action on P is given by
λ · (x0 : . . . : xs)→ (x0λ0 : . . . : xsλ−s)
for λ ∈ C∗ and (x0 : . . . : xs) ∈ P. For i = 0, . . . , s, we will write
Pi := P
(
πS∗E
−i
m
) pi−→Mnα
for the projective bundle, so the C∗ fixed locus of P is given by
P0 ⊔ . . . ⊔ Ps = PC∗ ⊂ P .
Let t be an equivariant parameter for the C∗ action on a point. We can equip
the perfect obstruction theory of Proposition 3.1 with an equivariant structure, so
that its virtual tangent bundle is given by
(4.1) TP = p
∗TMnα + TP/Mnα − T∨P/Mnα ⊗ t
in K0
C∗
(P). On each Pi with i > 0, we have an induced C
∗ localized perfect ob-
struction theory with virtual tangent bundle
(TP|Pi)fix = p∗iTMnα +
((
TP/Mnα − T∨P/Mnα ⊗ t
)∣∣∣
Pi
)fix
(4.2)
= p∗iTMnα + TPi/Mnα −
(
p∗i πS∗E
−(i−1)
m (1)
)∨
and virtual class
(4.3) [Pi]
vir = p∗i [M
n
α ]
vir ∩ e
((
p∗i πS∗E
−(i−1)
m (1)
)∨)
.
The C∗ localized virtual tangent bundle on P0 is given by
(TP|P0)fix = p∗0TMnα + TP0/Mnα ,
and we have
(4.4) [P0]
vir = p∗0[M
n
α ]
vir .
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Similarly we have
OvirPi =
{
p∗0OvirMnα if i = 0
p∗iOvirMnα ⊗ Λ•
(
p∗i πS∗E
i−1
m (1)
)
if i > 0 .
5. Stability
Let (E, φ) be the family of Higgs pairs on
πS : M
n
α × S →Mnα
constructed in Section 2. Recall that φ is given by maps
φi : E
−(i−1) → E−i ⊗ ωS , i = 1, . . . , s ,
where the torsion free sheaves of rank one E−i are the summands of
E = E0 ⊕ . . .⊕ E−s .
We have defined the perfect obstruction theory of Mnα as the pull-back along the
e´tale map η : Mnα → S[n]β of the perfect obstruction theory on the nested Hilbert
scheme Snβ . It follows directly by the description of [GSY18] that it is given by
given by the dual of a cone on
(5.1)
(
s⊕
i=0
RH ompiS (E
−i, E−i)
)
0
◦φ−φ◦−−−−→
s⊕
i=1
RH ompiS(E
−(i−1), E−i ⊗ ωS) ,
where the left hands side is given by the kernel of the trace map
s⊕
i=0
RH ompiS (E
−i, E−i) →֒ RH ompiS(E,E) tr−→ RπS∗OS .
Proposition 5.2. For each i = 1, . . . , s, we have an exact sequence
(5.3) obMnα R
2πS∗OS E xt2piS (E−(i−1), E−i ⊗ ωS) 0 .
σi φi
Proof. By (5.1) have an exact sequence
obMnα
(⊕s
i=0 E xt
2
piS (E
−i, E−i)
)
0
⊕s
i=1 E xt
2
piS (E
−(i−1), E−i ⊗ ωS) 0 .
⊕s
i=1 R
2πS∗OS
∼=
φ
Let the vertical isomorphism is given by
(a0, . . . , as) 7→ (tr(a1)− tr(a0), . . . , tr(as)− tr(as−1)) ,
so the dotted arrow φ is the map given by the rule
(b1, . . . , bs) 7→ (b1 · φ1, . . . , bs · φs) .
It follows that for each summand φi of φ, we have an exact sequence (5.3). 
Remark 5.4. In particular, we see that if pg(S) > 0, and if αi−1 − αi is not the
class of an effective divisor (so E xt2piS(E
−(i−1), E−i⊗ωS) = 0 by Serre duality), the
obstruction sheaf obMnα has a trivial factor H
2(OS). In rank s+ 1 = 2, this fact is
used in [GSY18, Section 2.2] to define a reduced virtual class on S
[n0,n1]
β .
Recall that we write E for the sheaf on Mnα × S, corresponding to (E, φ) via the
spectral construction.
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Proposition 5.5. Assume pg(S) > 0. Then (at least) one of the following state-
ments holds:
i) The family E of sheaves on Mnα ×X →Mnα is fibrewise Gieseker stable;
ii) We have α0 = . . . = αs and n0 = . . . = ns (so in particular E is fibrewise
strictly Gieseker semistable);
iii) The virtual class [Mnα ]
vir vanishes.
Remark 5.6. In [GSY18, Section 2.2] (see the discussion above) and in [GT19,
Section 4.1], it is shown that [S
[n]
β ]
vir vanishes, unless the classes
αi−1 − αi , i = 1, . . . , s
are classes of effective divisors. By an easy lemma [Laa18, Lemma 3.2], E is slope
semistable in the latter case.
Remark 5.7. In [Laa18, Proposition 3.5], we have proven a similar statement for
the class
ι∗[S
[n]
β ]
vir ∈ A∗(S[n0] × · · · × S[ns] × Sα1 × · · · × Sαs)
under the condition H1(S,OS) = 0, using the formula of [GT19, Theorem 5.6].
Proof. Assume that we are not in case i) or ii). By Lemmas 3.2 and 3.4 of [Laa18],
there is an i ∈ {1, . . . , s} such that
• αi−1 − αi is not the class of an effective divisor, or
• αi−1 = αi and ni−1 > ni.
In either case, we have
Ext2OS (E
−(i−1)
x , E
−i
x ⊗ ωS) = HomOS (E−ix , E−(i−1)x )∗ = 0 , ∀x ∈Mnα (C) .
By the exact sequence (5.3), the map
obMnα
σi−→ R2πS∗OS 6= 0
is surjective. It follows that [Mnα ]
vir = 0 by e.g. [KL13]. 
For the universal family of Joyce-Song pairs (E(1), s) on
πX : P×X → P
defined in (2.3), let (E(1), s)|Pi denote its restriction to Pi ⊂ P.
Theorem 5.8. Assume pg(S) > 0. For each i = 0, . . . , s, (at least) one of the
following statements holds:
i) The family of Joyce-Song pairs (E(1), s)|Pi on Pi ×X → Pi is fibrewise stable;
ii) The virtual class [Pi]
vir vanishes.
Proof. By the equations (4.3), and (4.4), we may assume that we are in case ii) of
Proposition 5.5. Hence for x ∈ P, we have
Ex = E
0
x ⊕ . . .⊕ E−sx
with
ch(E0x) = . . . = ch(E
−s
x ) .
It is easy to see that the Joyce-Song pair (Ex, sx) on X is stable, precisely when
the first term of
sx =
∑
i
six ∈ H0(X, Ex) = H0(S,E0x)⊕ . . .⊕H0(S,E−sx )
12 TIES LAARAKKER
is non-zero. It follows that the fibres of (E(1), s)|Pi are stable if and only if i = 0.
Now let i > 0. I claim that we have
[Mnα ]
vir = ι∗[M
n
α ]
vir
loc
for a cycle class [Mnα ]
vir
loc on the closed subscheme
(5.9) ι : Mnα (σi) :=
{
b ∈Mnα
∣∣∣E−(i−1)|b ∼= E−i|b} →֒Mnα .
Consider the Cartesian square
Pi(σi) Pi
Mnα (σi) M
n
α .
ι′
pi pi
ι
Then we have by the claim
p∗i [M
n
α ] = p
∗
i ι∗[M
n
α ]
vir
loc
= ι′∗p
∗
i [M
n
α ]
vir
loc .
On the other hand, recall that we write E
−(i)
m = E−(i) ⊗ OS(mH) for fixed
m≫ 0, so we have by cohomology-and-basechange we have
ι′∗p∗i πS∗E
−(i−1)
m (1) = p
∗
i πS∗(ι× idS)∗E−(i−1)m (1)
= p∗i πS∗(ι× idS)∗E−im (1)
= ι′∗p∗i πS∗E
−i
m (1)
= ι′∗TPi/Mnα +O ,
and hence by (4.3) and the projection formula for ι′ we find
[Pi]
vir = p∗i [M
n
α ]
vir ∩ e
((
p∗i πS∗E
−(i−1)
m (1)
)∨)
= ι′∗
(
p∗i [M
n
α ]
vir
loc ∩ ι′∗e
((
p∗i πS∗E
−(i−1)
m (1)
)∨))
= ι′∗
(
p∗i [M
n
α ]
vir
loc ∩ e
(
ι′∗T∨
Pi/Mnα
+O
))
= 0 .
We will prove the claim using the cosection (5.3). For b ∈Mnα we have ch(E−i|b) =
ch(E−(i−1)|b), and hence
HomOS(E
−i|b, E−(i−1)|b) = 0 or E−i|b ∼= E−(i−1)|b ,
since E−(i−1)|b and E−i|b are torsion free and of rank one. By the exact sequence
(5.3) and Serre duality, it follows that the cosection
obMnα
σi−→ RπS∗OS
is surjective on the complement of the locus (5.9). The claim follows by the work
of Kiem and Li [KL13]. 
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6. Comparison to the VW moduli space
We need the following lemma (compare to [TT17b, Proposition 5.1]).
Lemma 6.1. Let (E , s) ∈ (P⊥)C∗ be a C∗ fixed Joyce-Song pair. Then E has a
canonical C∗ equivariant structure.
Proof. We will write
C∗ ×X Xρ
pr2
for the action morphism and the projection respectively. Since (E , s) is C∗ fixed,
there exists an isomorphism ϕ : ρ∗E → pr∗2E that fits in the diagram
O(−m) ρ∗E
pr∗2E .
ρ∗s
pr∗2s
ϕ
By the stability of (E , s), we see that ϕ|{1}×X : E → E is the identity. The argument
of e.g. [Koo11, Proposition 4.4] shows that ϕ defines an equivariant structure on E ,
which is unique up to a twist by a character tz ∈ Aut(C∗) ∼= Z. Now ϕ induces a
C∗-action on E = q∗E . After multiplying ϕ by a power of t, we may assume that
the highest weight occurring in the weight space decomposition of E is zero. We
call ϕ the canonical equivariant structure on E . 
Fix a charge γ = (r, c1, c2) ∈ Heven(S), and classes α0, . . . , αs ∈ H2(S,Z) and
n0, . . . , ns ∈ H4(S,Z) = Z with
(6.2) r = s+ 1 , c1 = α0 + . . .+ αs , c2 = n0 + . . .+ ns +
∑
i<j
αiαj .
Let L be a vector bundle on S with c1(L) = c1, as in the introduction, write
γ⊥ = (r, L, c2) .
Recall that we have defined
P⊥1r ⊂ (P⊥)C
∗
as the (open and closed) locus of Joyce-Song pairs (E , s) with
rk(E−i) = 1 , i = 0, . . . , s
in the canonical weight space decomposition
E = q∗E = E0 ⊕ . . .⊕ E−s .
induced by Lemma 6.1. Now define an open and closed subscheme
Pnα ⊂ P⊥1r
by the rule
c(E−i) = 1 + αi + ni , i = 0, . . . , s .
In the terminology of the introduction, the family E on Mnα × X → Mnα con-
structed in Section 2 is a family of sheaves of type γ⊥ (the centre of mass property
is given by the fact that the corresponding Higgs field φ : E → E ⊗ ωS is trace-
free). It follows that the family of Joyce-Song pairs (E(1), s) on P×X → P defines
a morphism
(6.3) P ⊃ Pstab → P⊥ = P⊥γ (m)
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on its stable locus.
Proposition 6.4. The map (6.3) restricts to an isomorphism
(Pstab)C
∗ ∼= Pnα .
Proof. C.f. [GSY17, Proposition 3.9], this follows directly by comparing functors of
points. 
Lemma 6.5. For each i = 0, . . . , s we have Pi ⊂ Pstab or Pi ∩ Pstab = ∅.
Proof. Following the proof of [Laa18, Lemma 3.2], the stability of (Ex, sx) for x ∈ Pi
is given by a numerical condition on α0, . . . , αs and n0, . . . , ns, which is constant
on Pi. 
Corollary 6.6. P⊥1r is a disjoint union of schemes of the form Pi.
We will show that the isomorphism of Proposition 6.4 respects the virtual struc-
ture. Let
(E , s)
denote the universal Joyce-Song pair on
πX : P⊥ ×X → P⊥ ,
and consider the class
I
• = [O s−→ Em] ∈ Db(P⊥ ×X) .
There exists a splitting [TT17b]
(6.7) RH ompiX (I
•,I •) = RH ompiX (I
•,I •)⊥
⊕RπX∗OX ⊕R≥1πS∗OS ⊕R≤1πS∗ωS ⊗ t[−1]
of objects in Db(P⊥), and by definition the perfect obstruction theory on P⊥ is
given by the dual of
RH ompiX (I
•,I •)⊥[1] .
In particular, the virtual tangent bundle of Pnα is given by(
−RH ompiX (I •,I •)⊥
∣∣∣
Pnα
)fix
∈ K0(Pnα) .
Similarly, write
I• = [OX×P s−→ Em(1)] ∈ Db(P×X) ,
and let the object
RH ompiX (I
•, I•)⊥ ∈ Db(P)
be given by the rule (6.7) above. Finally, let RH ompiX (E , E)⊥ ∈ Db(Mnα ) be the
object considered in [TT17a] satisfying
RH ompiX (E , E) = RH ompiX (E , E)⊥ ⊕RπS∗OS ⊕RπS∗ωS ⊗ t[−1] .
By definition, pull-back along the morphism (6.3) identifies the restrictions to
Pstab of the Joyce-Song pairs (E , s) and (E(1), s), and hence we have
I
•|Pstab ∼= I•|Pstab
and
RH ompiX (I
•,I •)⊥|Pstab ∼= RH ompiX (I•, I•)⊥|Pstab .
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Following [TT17b, Proposition 6.8], we find
RH ompiX (I
•, I•)⊥ = RH ompiX (I
•, I•)0 −R≥1πS∗OS +R≤1πS∗ωS ⊗ t
= p∗RH ompiX (E , E) −RπS∗OS +RπS∗ωS ⊗ t
− πX∗Em(1) + (πX∗Em(1))∨ ⊗ t+OP −OP ⊗ t
= p∗RH ompiX (E , E)⊥ − TP/Mnα + T∨P/Mnα ⊗ t
(6.8)
in K0
C∗
(P). The virtual tangent bundle of Mnα is precisely the C
∗ fixed part of
−RH ompiS (E , E)⊥ (use [TT17a, Corollary 2.26] to compare −RH ompiS(E , E)⊥
with (5.1)). If follows by (4.2) that the isomorphism of Proposition 6.4 identifies
the virtual tangent bundles of Pnα and (Pstab)C
∗
. By Siebert’s formula [Sie04] and
its K-theoretic analogue [Tho18b, Theorem 4.2], we find that virtual classes and
virtual structure sheaves agree. Moreover, by Theorem 5.8, we have the following
proposition
Proposition 6.9. We have equalities
[Pnα ]vir = [(Pstab)C
∗
]vir
= [PC
∗
]vir
where we have identified
A∗(Pnα) = A∗((Pstab)C
∗
)
⊂ A∗(PC∗) .
Similarly, we have
OvirPnα = Ovir(Pstab)C∗
= Ovir
PC
∗
in
K0(Pnα) = K0((Pstab)C
∗
)
⊂ K0(PC∗) .
7. The unrefined case
Theorem 5.8 (or its consequence Proposition 6.9) allows us compute the contri-
bution of Pnα to the Vafa-Witten invariant as a integral over the virtual class of
P, which might contain unstable Joyce-Song pairs. We will use this to prove the
unrefined part of Theorem A.
Let
Nvir
PC
∗/P = (TP|PC∗ )mov
=
((
TP/Mnα − T∨P/Mnα ⊗ t
)∣∣∣PC∗)mov
be the virtual normal bundle to PC
∗
in P, and let NvirPnα/P⊥
be the virtual normal
bundle to Pnα in P⊥. We will also write
Nnα = (−RH ompiX (E , E)⊥)mov
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for the class in K0
C∗
(Mnα ). Note that by (6.8) we have
NvirPnα/P⊥ =
(−RH ompiX (I•, I•)⊥|(Pstab)C∗ )mov
=
(
p∗Nnα +N
vir
PC
∗/P
)∣∣∣
(Pstab)C∗
using the identification
Pnα ∼= (Pstab)C
∗
of Proposition 6.4.
Remark 7.1. If the family of sheaves E on Mnα ×X →Mnα is Gieseker stable, Mnα is
an open and closed subscheme of the fixed locus (N⊥)C∗ of the moduli space N⊥
(defined in [TT17a]) of stable compactly supported sheaves on X of type γ⊥. In
this case, the class Nnα is the virtual normal bundle to M
n
α in N⊥.
By virtual C∗ localisation [GP99] and Proposition 6.9 we have∫
[P]vir
1
p∗e(Nnα )
=
∫
[PC∗ ]vir
1
p∗e(Nnα )e(N
vir
PC
∗/P
)
=
∫
[Pnα ]
vir
1
e
(
Nvir
Pnα/P
⊥
) .
Note that the last line is exactly the contribution of the open and closed locus
Pnα ⊂ (P⊥)C
∗
= (P⊥γ (m))C
∗
to the integral of Conjecture-Definition 1.2. On the other hand, by Corollary 3.3
and the projection formula, we have
∫
[P]vir
1
p∗e(Nnα )
=
∫
p∗[Mnα ]
vir
e
(
T∨
P/Mnα
)
p∗e(Nnα )
=
∫
[Mnα ]
vir
p∗e
(
T∨
P/Mnα
)
e(Nnα )
= (−1)χ(γ(m))−1χ(γ(m))
∫
[Mnα ]
vir
1
e(Nnα )
.
It follows that the vertical contribution VWvertγ to the (unrefined) Vafa-Witten
invariant (defined in Section 1.4), is given by
(7.2) VWvertγ =
∑
α,n
∫
[Mnα ]
vir
1
e(Nnα )
,
where the sum is taken over classes
α0, . . . , αs ∈ H2(S,Z) , n0, . . . , ns ∈ H4(S,Z)
satisfying
c1 = α0 + . . .+ αs , c2 = n0 + . . .+ ns +
∑
i<j
αiαj .
This proves the unrefined part of Theorem A.
Remark 7.3. The computation in this section is used in [TT17b, Proposition 6.8]
to show that the different definitions of the Vafa-Witten invariant given in [TT17a]
and [TT17b] agree in the case that E is stable.
VERTICAL VAFA-WITTEN INVARIANTS 17
8. The integrals
Recall from Sections 2 and 3 that we write
β1 = α1 − α0 + c1(ωS)
...
βs = αs − αs−1 + c1(ωS) ,
for the classes in H2(S,Z), and
η : Mnα → Snβ
for the surjective e´tale morphism to the nested Hilbert scheme. Note that since
RH ompiX (E , E)⊥ = RH ompiX (E ⊗M, E ⊗M)⊥
for any line bundleM on S, the class Nnα is invariant under the action of Pic0(S)[s+
1] on Mnα (see Section 3). It follows that it descents along η to a class N
[n]
β in
K0
C∗
(S
[n]
β ), so we have∫
[Mnα ]
vir
1
e(Nnα )
=
∫
η∗[Mnα ]
vir
1
e(N
[n]
β )
(8.1)
= #Pic0(S)[s+ 1]
∫
[S
[n]
β
]vir
1
e(N
[n]
β )
.
Recall from [TT17a], that we have
(8.2) RH ompiX (E , E)⊥ = RH ompiS (E,E)0 −RH ompiS (E,E ⊗ ωS ⊗ t)0
in K0
C∗
(Mnα ). Choose line bundles
Li ∈ Picαi(S) , i = 0, . . . , s
and write
E
[n]
L =
s⊕
i=0
I [ni] ⊗ Li ⊗ t−i
for the family of sheaves on
πS : S
[n0] × · · · × S[ns] × S → S[n0] × · · · × S[ns] .
Finally, define a class
N
[n]
L :=
(
RH ompiS
(
E
[n]
L , E
[n]
L ⊗ ωS ⊗ t
)
0
−RH ompiS
(
E
[n]
L , E
[n]
L
)
0
)mov
in K0
C∗
(S[n0] × · · · × S[ns]).
Write
ρ : S
[n]
β → S[n0] × · · · × S[ns]
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for the natural morphism. By [GT19, Theorem 5.6 and (the discussion before)
Theorem 6], we have
VW
[n]
β :=
∫
[S
[n]
β
]vir
1
e(N
[n]
β )
=
∫
ρ∗[S
[n]
β
]vir
1
e(N
[n]
L )
= SW(β)
∫
S[n0]×···×S[ns]
co
[n]
L
e(N
[n]
L )
(8.3)
where
SW(β) = SW(β1) · · · SW(βs)
is the product of Seiberg-Witten invariants of the classes βi ∈ H2(S,Z), and
co
[n]
L := ctop
(
s⊕
i=1
RH ompiS
(
I [ni−1] ⊗ Li−1, I [ni] ⊗ Li ⊗ ωS
)
0
)
∈ A2|n|−n0−ns(S[n0] × · · · × S[ns])
is a Carlsson-Okounkov type class [CO12, GT19]. The integral (8.3) is precisely
the one of [Laa18, Equation 4.4], which computes vertical contributions to the
Vafa-Witten invariant in the case that stable = semistable.
Proof of Theorem B (unrefined case). Fix a rank r = s+1. We will use the follow-
ing convention. For β = (β1, . . . , βs) ∈ H2(S,Z)s, we will write
β∨ = (β1, . . . , βs)
= (c1(ωS)− β1, . . . , c1(ωS)− βs) .
In particular we have
SW(β∨) = SW(β1) · · · SW(βs)
= (−1)s·χ(OS)SW(β) .
By [Laa18, Propositions 6.3 and 7.2], and the proof of Theorem A of loc.cit., there
exist universal Laurent series (i.e. depending only on r)
A,B,Cij ∈ Q((q 12r )) , 1 ≤ i ≤ j < r
such that
qd(β)
∑
n
VW
[n]
β q
|n| = SW(β∨)Aχ(OS)BK
2
S
∏
i≤j
Cβ
iβj
ij(8.4)
for any surface S and classes β = (β1, . . . , βs) ∈ H2(S,Z). We have use a normal-
izing factor qd(β) given by
d(β) = −
∑
1≤i,j<r
i(r − j)
2r
βiβj .
Now fix a surface S with pg(S) > 0, a class c1 ∈ H2(S,Z) and a line bundle L
on S with c1(L) = c1. For an r-tuple
α = (α0, . . . , αs) ∈ (H2(S,Z))r ,
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write
β(α) = (α1 − α0 + c1(ωS), . . . , αs − αs−1 + c1(ωS)) .
Also write
c2(α, n) = n0 + . . .+ ns +
∑
i<j
αiαj
for n ∈ (Z≥0)r and α as above.
By [Laa18, Lemma 2.6], we have have
c2(α, n) = n0 + . . .+ ns + d(β(α)) +
r − 1
2r
c21.
Following the proof of [Laa18, Theorem A], we can use this to rewrite the sum∑
α,n
VW
[n]
β(α)q
c2(α,n)
over α ∈ H2(S,Z)r and n ∈ (Z≥0)r satisfying
r−1∑
i=0
αi = c1 ,
as a sum
#H2(S,Z)[r]
∑
β,n
VW
[n]
β q
|n|+d(β)+ r−12r c
2
1
over β ∈ H2(S,Z)r−1 and n ∈ (Z≥0)r satisfying
(8.5)
r−1∑
i=1
iβi ≡ c1 mod rH2(S,Z) .
(To see this, note that the equations
β(α) = β ,
s∑
i=0
αi = c1
have precisely #H2(S,Z)[r] solutions α for any β and c1 satisfying (8.5).) By (7.2),
(8.1) and (8.4) it follows that
∑
c2
VWvert(r,L,c2)q
c2 =
∑
α,n
∫
[Mnα ]
vir
1
e(Nnα )
qc2(α,n)
= #Pic0(S)[r]
∑
α,n
VW
[n]
β(α)q
c2(α,n)
= #Pic0(S)[r] ·#H2(S,Z)[r]
∑
β,n
VW
[n]
β q
|n|+d(β)+ r−12r c
2
1
= #Pic(S)[r] q
r−1
2r c
2
1 Aχ(OS)BK
2
S
∑
β
SW(β∨)
∏
i≤j
Cβ
iβj
ij . 
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9. Refined invariants
We will briefly discuss refined invariants. The proofs of Theorems A and B are
perfectly analogous to the discussion of Sections 7 and 8. Using the equivariant
structure (4.1), we have by Corollary 3.4,
OvirP = p∗OvirMnα ⊗ Λ•(TP/Mnα ⊗ t−1) ∈ KC
∗
0 (P) .
Choose a square root
K
1
2 := det (−RH ompiX (I•, I•)∨⊥)
1
2 .
Note that by equations (6.8) and (8.2), we can take
K
1
2 = p∗ det (RH ompiX (E , E)⊥)
1
2 ⊗ ωP/Mnα ⊗ t
χ(γ(m))−1
2
with
det(RH ompiX (E , E)⊥)
1
2 := det
(
RH ompiS (E,E)0 ⊗ t−
1
2
)
.
By the K-theoretic virtual localisation formula [Qu18], we have, again using 6.9:
χt
(
P,
Ovir
P
⊗K 12
p∗Λ•(Nnα )
∨
)
= χt
(
PC
∗
,
Ovir
PC
∗ ⊗K 12
p∗Λ•(Nnα )
∨ ⊗ Λ•(Nvir
PC
∗/P
)∨
)
= χt
(
Pnα ,
OvirPnα ⊗K
1
2
Λ•(Nvir
Pnα/P
⊥)∨
)
.
On the other hand, he have
χt
(
P,
Ovir
P
⊗K 12
p∗Λ•(Nnα )
∨
)
= χt
(
Mnα , p∗
(
Ovir
P
⊗K 12
p∗Λ•(Nnα )
∨
))
= χt
(
Mnα ,
OvirMnα ⊗ det(RH ompiX (E , E)⊥)
1
2
Λ•(Nnα )
∨
⊗ p∗
(
Λ•(TP/Mnα ⊗ t−1)⊗ ωP/Mnα
)⊗ tχ(γ(m))−12
)
= χt
(
Mnα ,
OvirMnα ⊗ det(RH ompiX (E , E)⊥)
1
2
Λ•(Nnα )
∨
)
× (−1)χ(γ(m))[χ(γ(m))]t .
Here we have used
p∗
(
Λ•(TP/Mnα ⊗ t−1)⊗ ωP/Mnα
)⊗ tχ(γ(m))−12 = (−1)χ(γ(m)) p∗Λ•(ΩP/Mnα ⊗ t)
t
χ(γ(m))−1
2
= (−1)χ(γ(m)) t
χ(γ(m))−1 + . . .+ 1
t
χ(γ(m))−1
2
= (−1)χ(γ(m))[χ(γ(m))]t .
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As in the unrefined case, we conclude that the vertical contribution to the refined
Vafa-Witten invariant is well defined, and c.f. (7.2) given by a sum
VWvertγ (t) =
∑
α,n
χt
(
Mnα ,
OvirMnα ⊗ det(RH ompiX (E , E)⊥)
1
2
Λ•(Nnα )
∨
)
.
This finishes the proof of Theorem A.
By the virtual Riemann-Roch formula [CFK09, FG10], we can compute the
contribution of Mnα to the refined Vafa-Witten invariant by the integral
∫
[Mnα ]
vir
ch
(
det(RH ompiX (E , E)⊥)
1
2
)
ch
(
Λ•(Nnα )
∨
) Td (TMnα )


ch t=t
,
where
TMnα = (−RH ompiX (E , E)⊥)fix
denotes the virtual tangent bundle ofMnα . The discussion of Section 8 now literally
applies to this integral: the integrant descents to a class in A∗
C∗
(S
[n]
β ), which we can
integrate over
η∗[M
n
α ]
vir = #Pic0(S)[r] · [S[n]β ]vir .
Again, we can use the results of [GT19] to rewrite the resulting integral as an
integral over the product of Hilbert schemes of points
S[n0] × · · · × S[ns] .
In fact, after taking out the factor #Pic0(S)[r], it is precisely the one given in
[Laa18, Equation 4.5]. Copying the proof of the unrefined case given in Section 8,
Theorem B now follows from [Laa18, Propositions 6.5 and 7.5].
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